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Abstract

We prove that in the 2D classical Ising model, the subcritical mass gap is comparable to the
Lee—Yang gap raised to the power 8/15. Ursell-function monotonicity and a tree bound give the
upper bound; a self-contained proof of the monotonicity is given in the appendix. The lower bound
follows from the Lee—Yang product, the susceptibility and the critical magnetization. We also obtain
uniform factorial bounds on the field derivatives of the pressure.

1 Statement and notation

Our question is motivated by the analogy between classical statistical mechanics and quantum mechanics.
In that context, consider the Combes—Thomas estimate of [ , Section 10.3] which relates distance
from the spectrum to spatial decay of the Green’s function: for a Schrédinger operator H = —A 4+ V(X))
on (2(Z%), if 0 < ¢ = dist(E,spec H) < 1, then [(H — E1)~(z,y)| < C6~te=lz=vh for all z,y € Z°.
For real energies below the spectrum, E < inf o(H), the estimate improves to

(H — B1)(z,y)| < CoLemoVolomvh (g y € 7). (1.1)
Thus, writing myg(E) for the optimal uniform exponential decay rate of the Green’s function, we obtain
my(E) 2 V5. (1.2)

Of course we always have via Feynman—Kac

mpy(E) < /6 +supV —info(H). (1.3)

It is tempting to ask whether an analogous relation may hold for the Ising model in its sub-critical,
disordered phase, because one may associate the Green’s function with the two-point function and the
distance to the spectrum with the Lee-Yang gap: the magnitude of the closest Lee-Yang zero to the
origin. The association of these two quantities is not outlandish by itself. Penrose and Lebowitz | ]
prove that correlations decay exponentially at positive real fugacities in a connected zero-free region
containing zero, provided this region is uniform for sufficiently large periodic rectangles. At the fugacity
corresponding to zero magnetic field, a strictly positive Lee-Yang gap supplies their zero-free hypothesis,
while exponential decay gives a positive mass gap. Their result thus provides a qualitative precedent, but
not a quantitative comparison of the two gaps. Furthermore, in one dimension, where the critical point is
at zero temperature, 8 = oo, Lee and Yang’s calculation | , Section V.E, formulas (43)—(44)] places
the Lee—Yang gap at H = iarcsin(e %K), with K the dimensionless coupling and H the dimensionless
field. Here, as below, the field enters as Sh, so K = 8 and H = Sh. Combining this with the routine
zero-field transfer-matrix calculation gives

1
ng) = —log tanh 3, ,C(ﬁlD) = 3 arcsin(e™2%);
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Consequently,
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Thus the two gaps are asymptotically proportional when the Lee—Yang gap is measured in the dimen-
sionless field Bh. In this note we compare these two gaps in the planar, Z2, Ising model as f 1 . =
2log(1 4+ V2) < oo.
For a nonempty finite A C Z2, let E(A) be its nearest-neighbour edges and set

= my” ~28L5" (8 o0).

Zgath)y= > exp|B > 0.0+ BhMy |, My =) o.. (1.4)

oce{-1,1}A {z.yreE(A) TEA

All finite domains have free boundary conditions. Write Eg A j, for the corresponding expectation, omit-
ting h at zero field and omitting A when A = Z2. For L € {0,1,2,...}, put Ay, = [-L, L]>NZ% My = My,
and Zg 1 = Zg ,. Onsager’s critical-point relation | , formula (121)] is sinh(2K) sinh(2K5) = 1,
where K7, K5 are the dimensionless couplings in the two lattice directions. The isotropic choice K; =
Ky = B gives the critical inverse temperature 5, = %log(l +4/2). For 0 < 8 < BB, the azial mass gap is

1
=— lim —logE . 1.
mp = — lim —logEs[000(n0)] (1.5)
The transfer-matrix calculation in | , formula (3.36a)] gives the zero-momentum excitation energy

€0 = 2(K} — K>) in the disordered phase, with dual coupling K; = —% logtanh K. For K1 = Ky = 3,
this is the axial decay rate mg; expanding at /3, gives

mp = —23 — logtanh 8 = 4 (8. — B) + O(|B8. — BI*) . (1.6)

Define, in the physical field convention of (1.4), the Lee-Yang gap as
Lgn= inf{s >0: ZB’A(iS) = 0}, Lg= Ii]r;%ﬁg,AL. (1.7)
The Lee—Yang theorem | ] places the zeros of the ferromagnetic Ising partition polynomial on the
fugacity circle |z| = 1. Since z = e~25" in the convention of (1.4), this is precisely Re{h} = 0, so all zeros
lie on the imaginary axis. The results of Penrose and Lebowitz [ , Theorems 1-2] give a transfer-

matrix gap and exponential decay at positive real fugacities in a connected zero-free region containing zero,
provided that region persists for sufficiently large periodic rectangles. At the fugacity corresponding to
zero magnetic field, the decay estimate becomes Eg[ogo,] < Ce~ ¢kl with ¢ > 0, and hence mg > 0, under
their uniform Lee-Yang-gap hypothesis. There are (to our knowledge) no known rigorous results on Lg
analogous to (1.6), only a scaling prediction. In the continuum description of Fonseca and Zamolodchikov
[ ], the Lee-Yang gap occurs at a fixed imaginary value of Aeont/|Meont|'*’S, Where heons is the
magnetic coupling and Mot the thermal mass parameter. These correspond, to leading order and up to
nonzero normalization constants, to Sh and 8 — (., respectively. In our field convention, the prediction
is therefore

Ly~ A — B)® (1.8)

for some A € (0,00) .
The following result gives the near-critical power relating the gaps for free square boxes.

Theorem 1.1. There are ¢,C >0 and 0 < By < B. such that,
oLy <mg <Ly (Be(BoBe). (1.9)

Moreover, for every L >0 and k > 1,

1 ~15
Ao |02 10g Zg,1.(h)],_,| < (2k)1C%m 1/, (1.10)
We leave open whether the limit
£8/15
lim 2 (1.11)
B—Bc Mp

exists. By Theorem 1.1, any such limit would necessarily belong to (0, o).



Where does 15/8 come from? Wu’'s critical asymptotic | ] gives the decay Eg_[00,] < |z|71/4
for the zero-field square-lattice model. This is the input that suggests the exponent 15/8. Indeed, consider
the block magnetization Mr =} , o0, in the infinite-volume critical state. Since Eg [Mp] =0,

Varg, (Mg) =Eg [Mz] = Y Eglo.0,]

x, yGAR

R
2 <1 +Zr-7“_l/4>
r=1

R
= R? <1—|—/ r3/4d7">
1
:R2 1+ é(R7/47 1) ~ R15/4
- .

Taking the square root gives the fluctuation scale

\/W&]I‘BC (MR) = R15/8.

The field term ShMp becomes significant when AR'/8 is of order one. Cutting off at the correlation
length R < mgl predicts h < };/ 8 The proof obtains this scale by summing a tree bound for Ursell

functions, whose edge weights are square roots of the two-point function.

Higher dimensions. The Ursell-function argument below is valid in every fixed dimension. For the
nearest-neighbour Ising model on Z%, d > 2, a critical bound Eg,_[0g0,] < C(1 + |z])~%, with 0 < a < d,

gives x5 == >, Eglogo,] < Cmg(d_a) and Qg == Y, Eglogo,]'/? < Cmg(d_a/Z) by the same spectral

argument. The zero-free criterion below then yields L5 > (efQs)~ ' > cmgfa/ 2. In the customary
notation a = d — 2 + n, the exponent is (d + 2 — 7)/2, recovering 15/8 when d = 2. A matching upper

(d—a)

bound on £z additionally requires a near-critical susceptibility lower bound xz > cmg and a critical

magnetization upper bound Eg, j,[og] < Che/(24=a).,

What about RFIM? For random fields, spatial decay and a complex-field gap must be distinguished.
Given real fields n = (1), replace ShMy in (1.4) by B3 s (h+nz)0,, and denote the resulting partition
function by Z7 , (h). Set

’CZ,A = ll’lf{‘h| : Zg,A(h’) = 0}, ’C,B = ll/r;f(.)ﬁﬁ AL

These zeros need not lie on the imaginary axis. We conjecture that the near-critical lower bound remains
uniform in the background field.

Conjecture 1.2. There are ¢ > 0 and By < B. such that, for By < B < B. and every real field
configuration 1,

Eg > cm};’/g.

Here mg is the mass of the zero-field model.

Writing E,, for disorder expectation, Conjecture 1.2 would imply E, [Eg} > cm};’/ 8 for any field
law. A uniform reverse inequality is impossible: for 1, = a # 0, one has ng A(h) = Zg a(h + a) and

hence Eg = ,/a? —I—.C%g > |a|, whereas mg — 0. Averaging the partition function gives a different

object: for independent identically distributed symmetric fields with Ene/3 Il < 00, independence yields
E,IZ;7 A(h) = (E, ™) Z5 5 (h), so its zeros are exactly those of the pure model.

For the RFIM itself, we expect a separation of the two gaps below the critical temperature of the
pure model. Let the 7, be independent centered Gaussian variables of variance €2 > 0, write EZ for
infinite-volume thermal expectation at h = 0, and define the mass from the disorder-averaged connected
correlation by

o 1
mys = hnrglgf - logE,, [Eg (000 (n,0)] = Ej[00]ES[o(n0)]| -



Ding and Xia | , Theorem 1.1] establish the averaged boundary-influence estimate E[{co)ay + —
(00)Ay,—] < Ce™N for every finite 8 > 0 and independent centered Gaussian fields of variance €2 > 0.
Here + and — denote boundary conditions, and the constants may depend on (3, e. For our field 7, taking
N = [n/2] bounds the disorder-averaged connected correlation between 0 and (n,0) and yields mg* > 0.
We conjecture that nevertheless

E,[L}] =0 for every 8 > 3. and € > 0,

which, by nonnegativity, is equivalent to Eg = 0 almost surely. The heuristic is that arbitrarily large re-
gions with nearly vanishing random field resemble the ordered pure model and can bring zeros close to the
origin; controlling their effect on the full partition function remains part of the conjecture. The localization
results in | , Sections 6.3 and 7.1] exhibit the analogous phenomenon for random Schrodinger opera-
tors: in the localization regime, an eigenfunction may satisfy Hig = Evp and |¢g(z)| < Cy e8]
with E € o(H) and localization centre xg. Thus spatial decay can coexist with zero distance from the
spectrum, paralleling the proposed coexistence of a positive mass and a closed Lee—Yang gap.

The proof of Theorem 1.1 treats the upper and lower bounds separately. The lower bound follows
readily from the Lee—Yang product and standard planar Ising estimates, and is presented in Section 3.
For the upper bound, Section 4 uses the signs and coupling monotonicity of even Ursell functions to
obtain a tree bound and a zero-free criterion. In Section 4, near-critical two-point estimates verify this
criterion on the scale m%”/ 8; the Lee—Yang product then yields the bounds on field derivatives. The
required Ursell-function signs and monotonicity are proved in Section A. An alternative proof by a finite
block expansion and planar crossing bounds is given in an earlier version of this manuscript but omitted
here for brevity. In Section A.1l, we explain the issue in the constrained auxiliary inequality used in
[ ]; the component proof in Section A avoids this inequality.

The exponent 15/8 is consistent with the continuum scaling description of the planar Ising model.
Fonseca and Zamolodchikov | | study the analytic structure of the free-energy scaling function in the
variable heont/ \mcom|15/ 8. where hcont is the continuum magnetic coupling and meens the thermal mass
parameter, and investigate the Yang—Lee edge through numerical calculations and analyticity arguments.
The leading-order identifications hAcony < Sh and |meont| < B — B give the same exponent 15/8 in the
present comparison. For the lattice model, Ott’s analyticity theorem | | states that exponential
weak mixing at (8, H) implies analyticity of the pressure in a neighbourhood of that point, with H the
dimensionless magnetic field. At H = 0 and 8 < f., the required mixing holds; the change of variables
H = ph therefore gives analyticity near every such (3,0) in our convention. We are not aware of the
near-critical comparison L£g =< m};)/ 8 appearing earlier in the literature.

Constants ¢,C' may change between occurrences, but are independent of the volume, order and
sufficiently close to f..
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2 Preliminaries

Write all positive imaginary zeros as iLg A j, counted with multiplicity, with £g a1 = L5 . Hadamard
factorization [ , Chapter 5, Theorem 5.1] of the even entire function Zg 4, of order one, gives the
paired Lee—Yang product

Zg.n(h) h2
Eg.a [exp (ﬁhMA)] = = = 14— . (2.1)
Z5,1(0) g L34
Hence
2h
O log (Eg A [exp (BhMy)]) = BEs ap [Ma] = ; W )



From this we obtain

1 2
BEg AR [Ma] > hz 72 = h% Varg a [Ma] (0<h< EﬂyA) . (2.2)

j>1 BN

Notation Throughout, we write
1. My =), 5 0z for the magnetization in A.

2. Xp = Y _yeze Eglogo,] for the infinite-volume susceptibility.

3 The lower bound

We begin with a short
Lemma 3.1. For 8 < (. sufficiently close to 5. and all h > 0,
X3 > cmg7/4, Eg, nloo] < ChY'. (3.1)
Proof. Write t = 8. — 8. The susceptibility asymptotic in [ , equations (2.43)—(2.45)] is
TX(T) ~ Cos(1—To/T)" 7" (T]T.),
where T is the temperature, x(7') is the zero-field susceptibility with respect to the physical magnetic

field, and Cy . > 0. Taking their couplings £y = Ey = 1 and T = 871, we have T. = ;! and
1—T./T =t/B.. Their susceptibility therefore gives

xp = Tx(T) ~ Co BT/ M7/,

Since mg ~ 4t by (1.6), this proves the first estimate.

For the second estimate, | , Theorem 1.1] bounds the infinite-volume critical magnetization by
CH'/15 for small H > 0, where H is the coefficient of 3, o, in the exponent of the Gibbs weight. Setting
H = B.h gives Eg, 1[00] < Ch'/1® for small h > 0, after adjusting C. Since the magnetization is at most
one, increasing C' extends this bound to all h > 0. O

With this, we are now ready for the

Proof of the lower bound in (1.9). We may assume Lg > 0, since otherwise the claimed bound is imme-
diate. Griffiths’ inequalities and the summable bound (4.13) give

lim War@AL [ML]

= . .2
Lo Ay X (3.2)

For the lower limit, restrict to bounded displacements and sites far from the boundary before letting
these cutoffs grow; the reverse bound follows from infinite-volume domination. For 0 < h < Lg, (2.2),
gives

h
% Varg a, [Mr] <Ega, n[ML] < [AL|Eg, n[oo], (3.3)
where the last inequality is monotonicity. Divide by |Af|, let L — oo, and use Lemma 3.1 at h = L5 > 0:
_ L
Cﬁﬁm57/4 < L;ng < Eﬁmgﬁ [o0] < C,C[li/w. (3.4)
Hence CEZ/ 15 < mg, as required. O

4 The upper bound

We now prove the upper bound mg < C’,CZ/ % in (1.9). Equivalently, we must show that Lz > cm?/ 8,

i.e., every finite free square must have no partition-function zeros in a disk of radius =< m};/ ¥ about the
origin. We first obtain a zero-free criterion in terms of a sum of square roots of two-point functions, and
then estimate this sum using the mass gap.

The link between correlations and zeros is the Taylor expansion of log Zg  at zero field. Its coefficients
are sums of Ursell functions, which measure joint spin cumulants. A tree bound reduces these many-point
quantities to products of two-point functions. Summing the trees will give an explicit lower bound on
the radius of convergence of the Taylor series for log Zg A, and hence a disk in which Z3 o cannot vanish.



4.1 Taylor coefficients and Ursell functions

Fix a nonempty finite A C Z2. Since Zz 4(0) > 0, the ratio Zz A(h)/Zz.A(0) has an analytic logarithm
in some neighbourhood of & = 0. Choose the branch that vanishes at zero and write

Zga(h A7 log Z5.4(0
Kg.a(h) :=log %() =logEg z[e?"Ma] = 3 %"M()h”. (4.1)
’ n>1 '

At this point we only know that the series converges sufficiently close to zero; obtaining a quantitative
radius, uniform in A, is the purpose of the argument.

For any finite ferromagnetic Ising graph at zero field, let I be a set of labels, corresponding to (possibly
repeated) marked sites xz; for each ¢ € I. The joint Ursell function is defined by:

u(l) = <H ati> logE |exp (Z tioxi>]

iel
Thus u(I) is the joint cumulant of the marked spins. By spin-flip symmetry, all odd cumulants vanish,
and at zero field the two-point Ursell function is simply uz (o, 0y) = E[o,0,] —E[o,|E[o,]. Differentiating
along the uniform field Sh gives the coefficient identity:

Oplog Zga(0)=B" > un(0s,...,00,). (4.3)
(1,0 @0 ) EA™

(4.2)

t=0

The sum runs over ordered tuples, including repeated sites; this is why all the estimates below must allow
repetitions. To obtain a lower bound on the radius of convergence in (4.1), we therefore need estimates
on the sums in (4.3) for all even orders (the odd orders vanish by spin-flip symmetry). More precisely, a
bound of the form Ay B"™ on the absolute value of the nth Taylor coefficient, with B independent of A,
gives convergence for |h| < B~1. The identity theorem then extends the local identity

Zpa(h)
) — K
Z5,1(0) P Ko a(h)

to this whole disk. Since the exponential never vanishes, L5 > B!, and taking the infimum over
finite free squares gives L5 > B~!. The next two steps identify such a growth rate in terms of two-point
functions.

4.2 From coupling monotonicity to a tree bound

We first work on an arbitrary finite ferromagnetic Ising graph, with couplings J,, > 0 and zero field. We
shall use Theorem A.1 below. It yields, for || even,

(=D)HI72=1y(1) > 0 (“Sign rule”) (4.4)
as in | ], and the coupling monotonicity
(=1)* 10y, uok(0ay -y Oay) =0 (k>1). (4.5)

Their role is to bound a cumulant of a given order by products of cumulants of lower orders. To see this,
take an even label set I with |I| > 4, and choose distinct labels a,b € I. Suppose first that x, # xp; if
necessary, add the edge {z,, 2} with coupling zero. Differentiating with respect to this coupling inserts
04,0z, and applying the product rule gives:

OppyulI\ b)) =u(@)+ 3" u(B)u(I\B). (46)
e e’

For |I| = 2k, multiply (4.6) by (—1)*=2. The derivative on the left is nonnegative by (4.5), applied
at order 2k — 2. The sign rule changes the first term on the right to —|u(I)|, and each product to
|u(B)]|u(l \ B)|. Rearranging yields

Dl < 3 B\ B)| (4.7)
P "



If instead z, = xp, we may perturb by taga = t and differentiate so (4.7) holds with equality. The
splitting into products in (4.7) is reminiscent of the product structure arising from finite-rank resolvent
identities; see [ , Section 5.5, pp. 81-83].

The recursive splitting in (4.7) suggests organizing the bound by ways of connecting the marked spins
through pair correlations. A tree on I consists of vertices, namely the labels i € I, and edges, namely
unordered pairs {i,j} of distinct labels, with exactly one path between any two vertices. Thus a tree
connects all |I] labels using |I| — 1 edges and contains no cycles. An edge records a correlation between
the marked spins at x; and z;, regardless of their distance; distinct labels may even mark the same site.
This organization matches the recursive splitting: joining two trees on disjoint label sets by a single
edge produces a tree on their union. In the following bound, each edge carries the square root of the
corresponding two-point correlation.

We have the following

Lemma 4.1. Writing G;; = Elo,,0,,] to be the two-point correlations, we know by Griffiths’ inequality
that 0 < G;; <1 for all i,j. Define T(I) to be the set of trees with vertex set I. Then

)| < jmaxGi; Yo [ VG (4.8)

ijel

i#£j TeT () {i,j}eE(T)
Proof. We apply induction on the even number |I|. With two labels there is only one tree, and the right
side is G12 = |u(I)|. For the induction step, choose a, b attaining G, := max,,; G;; and apply (4.7). For
each admissible B, apply the inductive tree estimate on B and I\ B. Each of the two inductive prefactors
is at most v/Gx, so their product is at most

G = VGV Gap.

Keep the first factor as the prefactor in (4.8); interpret the second as the weight of the edge {a, b}. Adding
this edge joins the two smaller trees into a tree on I.

For the fixed pair a,b, this construction is injective. Indeed, deleting {a,b} from a resulting tree
recovers both smaller trees, and the component containing a recovers B. Thus the sum produced by the
splitting inequality contains no repeated trees. It is bounded by the sum over all trees on I, since all
edge weights are nonnegative. This completes the induction. O

4.3 Summing the trees and obtaining a zero-free disk
We now return to the lattice model and define
Qp.A = sup Z Eg aloz0y]. (4.9)
xEA yeA

Fix a tree T on a label set {1,...,n} and root it at label 1. If ¢ # 1 is a leaf and j its unique neighbour,
then z; occurs in only one factor of the product of G;; over edges of 1. For any fixed choice of the other
marked sites x;, the sum over x; gives:

Eﬁ»A[JfL’iJCEj] < Qﬁ,A~
z;EA

Remove that leaf and repeat. The n — 1 non-root labels contribute at most one factor () 4 each, while
the final sum over z; contributes |A|. Consequently,

> II Eg alow,00,] < [A|Q5 7 (4.10)
(21,20 )EA™ {3,5}EE(T)

The prefactor in (4.8) is at most one and may now be dropped. Combining the coefficient identity (4.3),
the tree bound, and (4.10), and using Cayley’s formula |7 ({1,...,n})| = n"~2 for the number of trees

on n labelled vertices (see | , Chapter 32]), gives, for even n > 2,
n n— n—1
07 log Zg A(0)] _ B AR 2QEL" (A
: < — < " 4.11
el S < B, ) (1)



The last inequality uses n! > (n/e)™. We therefore have the uniform bound:

] A
S o= 3 L8 2O n o AL S0 T (b < (e6Qsn) ).

n! -
n>1 @, k>1
and hence

Lsn > (eBQpa)"" (4.12)

4.4 Two-point estimates at the mass scale

We begin with an upper bound to complement Lemma 3.1.

Lemma 4.2. Uniformly in finite A C Z2, x,y € A and 8 < B. sufficiently close to .,

0 < Egaloaoy] < C(1L+ | — yloo) /e melrmvle/2, (4.13)
Consequently,
sup ZE57A[amay] <xp < C’mg7/4. (4.14)
zEA
yeA
Proof. The Griffiths—Kelly—Sherman inequalities | | give nonnegativity of spin-product expectations

and monotonicity in each ferromagnetic coupling when the fields are nonnegative. At zero field, adding the
missing lattice couplings with strength § thus gives 0 < Eg z[0,0,] < Eglo,0y]. Messager-Miracle-Solé

monotonicity [ : | compares a general displacement with an axial one: Eglogo.] < Eg[ooo o))
for n = |z]o. With z = y — z, translation invariance bounds the finite-volume correlation by this row
correlation at n = | — y|eo. The transfer-matrix decomposition in [ , Section V.B, formulas

(5.20)—(5.22)] expresses the row correlation as a sum of nonnegative spectral weights times powers of
eigenvalue ratios. For the isotropic choice of both couplings equal to 3, its infinite-volume form is
Eslooo,0] = TZ e™7%dug(s), where pg is a positive measure and s is minus the logarithm of the
eigenvalue ratio. Comparing the integrands at j = n and j = |n/2] gives

Eg [UoO’(n’O)] < €_m5(n_tn/2J)E5 [UOU(Ln/QJ’O)] < Ce_mﬁn/Q(l + n)_1/4. (4.15)
For the last inequality, Wu’s critical row asymptotic | ] gives Eg, [000(j,0)] ~ aoj /4 as j — o0, with
ag > 0. Apply this at j = [n/2]| and use monotonicity in 3, increasing the constant to cover bounded j.
Summation over square shells proves (4.14). O

We can now complete the proof of the upper bound in (1.9) and the derivative bounds in (1.10).

Proof of the upper and derivative bounds. Summing the square root of (4.13) over square shells gives,
uniformly in finite A,

Qpa < CY (1 +7)/Bemmar/t < om '/, (4.16)
r>0

Then (4.12) gives, uniformly in finite free squares,
Lon> (eBQpa)"" = emy’/". (4.17)

Taking the infimum over Ay, proves the upper bound in (1.9).
Next, by (2.1), for every k > 1,

|02F log Z 4 (0)] ok ook
@ 2256,&3* < L5303 1og Zs A (0). (4.18)
j>1

Since 87 log Z3 A(0) = 82 Varg o (M) < C’|A|mg7/4 by (4.14), the finite-volume gap bound yields (1.10):
the power of mg is —7/4 + (15/8)(2 — 2k) = 2 — 15k /4. O



A A component proof of Ursell-function monotonicity

Correlation inequalities have long played a central role in the study of the Ising model, beginning with the
classical inequalities of Griffiths, Kelly-Sherman, Messager—Miracle-Solé, and Lebowitz | ; ;
]. In this section, we prove a sign rule and a coupling monotonicity inequality for the connected
correlations, or Ursell functions, of the ferromagnetic Ising model at zero external field.
Let G = (V, E) be a finite loopless graph, with ferromagnetic couplings J : E — R> and external
field h : V' — C. We use the uniformly normalized partition function

Zg,y(h) = Za(h) =21 >~ exp Y Jeowoy+ Y haos | (A1)

oce{-1,1}V e={z,y}€E z€eV

For real valued h, we write Pg jn(0) and (-)q,sp for the corresponding Gibbs measure and expectation.
We suppress G, J, and h when they are clear from the context unless otherwise stated. For any B C V'
we write op := [[;c 5 0i-

For a tuple of vertices I = (z1,...,x;) € V¥, with repetitions allowed, the Ursell function is the joint
cumulant of the corresponding spins:

6k

———log Z
B, Oy, 08 a,a(h)

ug,G,s(I) =

h=0

Equivalently, the moment—cumulant formula gives the connected-correlation expansion | ]

ug,c,s(I) = Z (=)= (|| = 1)1 H <H Uzi> : (A.2)
G,J,0

TEP([K]) Bern \i€B

where P([k]) denotes the set of partitions of [k] = {1,...,k} into nonempty blocks, and || is the number
of blocks of 7. At zero external field, the Gibbs measure is invariant under the global spin flip o — —o,
so every odd spin moment vanishes. If k is odd, every partition of [k] contains a block of odd size; the
connected-correlation expansion therefore gives ug ¢ 7(I) = 0. It thus suffices to consider Ursell functions
of even order. The following theorem is the main result of this section.

Theorem A.1. Let G = (V, E) be a finite loopless graph and let J : E — R>o. For every integer k > 1

and every tuple I = (x1,...,w2;) € V¥, the corresponding Ursell function satisfies the sign rule
(=) ugr (1) > 0. (A.3)
Moreover, for every edge e € E,
(=1)F1 0 gy (1) > 0. (A.4)
0J. -
The sign rule was first proved by Shlosman in 1986 [ ]. A proof of coupling monotonicity was
presented by Camia, Jiang, and Newman in 2023 | ]. In seeking to formalize their argument,

however, we found a counterexample to an intermediate lemma. We describe this counterexample at the
end of the section. See Section A.1.

Our proof begins with the covariance formula for the derivative of a spin correlation with respect to an
edge coupling. We rewrite this covariance as an expectation over two independent copies of the Ising model
represented by agreement/disagreement variables at each vertex. We then apply Aizenman’s random-
current expansion to the resulting components | ]. The component structure of the associated
multigraph yields a factorization in which Ursell functions on strictly smaller subgraphs appear. This
reduction allows us to prove the sign rule and coupling monotonicity simultaneously by induction, first
on the order of the Ursell function and, at each fixed order, on the number of vertices of G.

The two-copy identity. We use the duplicate-variable transformation attributed to Percus by Lebowitz

[ ]. For real h, let o and 7 be independent samples from Pg j 5, and write <')%2jh for expectation

under their joint law. Define the agreement (s) and disagreement (t) variables at each vertex 2 € V by
Op + Ty Ox — Tx

T fe=

Sy =




Setting A = {(1,0), (—1,0), (0,1), (0, —1)}, the map (o, 7) > (s,t) is a bijection onto A" with inverse
given by (o,7) = (s +t,s —t). We write the components of the joint Hamiltonian in this representation:

La(s;h) =2 Z JeSzpSy +2 Z heSz, Lga(t) :=2 Z Jetyty.

e={z,y}€FE zeV e={z,y}€E

The probability of a configuration (s,t) € A" according to the joint law is 2= 21V Z (k) ~2ele (M +La(®),
Note the external field acts only on the agreement variables {s;}.cv .

Write mg,c(h) = (04)q,sn = Oh, log Zg(h) for the magnetization at a € V. Differentiating with
respect to the coupling of an edge {u, v} and expressing the resulting covariance using the two independent
copies gives

0
mea,G(h) = COVG,J,h(O-UJ Uuav)
1
= 5 (00 — Ta)(ouoy — THTU»GC%‘?JJL
A5
=2 <ta(tusv + sutv)>g,2.7,h ( )
29—2IV| .
= ta(tusv + Sutv)eLG(syh)JrLG(t)'
Zg(h)?
(s,t)e AV

This identity is the starting point for the current expansion below. It extends analytically to complex h
in a neighborhood of the origin, where Zg(h) # 0.

Current representation. We use the current representation developed by Aizenman [ ]. A cur-
rent on G is a vector n € NF| viewed as a multigraph in which each edge e is replaced by n. parallel
edges. Its degree at = is dp, () := ) 5, ne, and its boundary dn is the set of vertices of odd degree. We
say z,y € V are connected in n if they are connected in the corresponding multigraph.

Expanding the t-interaction in the Hamiltonian and collecting powers by vertex gives

olalt) Z we.s(n H in (@), wa.y(n) = H (Zie)'ne

neNy €V e€E
Substituting into the two-copy identity (A.5) yields

—2|V|

aJ maG( 2 Z Z we, ] Z sqeLG(s;h) H t;"(w), (AG)

(p,q) neNE (s,t)eAV T€EV

where (p, q) runs over (u,v) and (v,u), and r,(x) = dp(2) + Lig—a} + L{g=p}

If r,(z) is odd at any vertex z, the two choices t, = +1 cancel, while ¢, = 0 contributes nothing.
Thus only currents with On = {a} A {p} survive, where A denotes the symmetric difference. Fix such a
current, let C' be the vertex set of the connected component of a in the current, and write H := G\ C for
the induced graph on V' \ C. We make the following observations with a goal of factorizing the current
sum in C' and H.

1. We have p € C, since a connected component cannot contain exactly one odd-degree vertex.

2. Every x € C has r,(z) > 0, so a nonzero contribution requires ¢, = £1 and s,, = 0. Therefore, all
s-interactions touching C, and all field terms on C' must vanish.

3. The insertion s, forces ¢ ¢ C.

4. No current edge crosses from C to its complement, so the current weight factors over C' and H.

On C, summing the two possible t-variables at each vertex gives 2/, The sum on H reconstructs the
two-copy model with insertion s,: the empty-boundary condition imposes no additional restriction, since
currents with nonempty boundary vanish. As <5f1>%,2.],h = mg m(h), this sum contributes Zg (h)*mg u(h),
together with the normalization factor 22IV\Cl. Combining this with 2!€! from the component C' and
272Vl from the original two-copy measure gives a factor of 271€1.

To express this factorization compactly, we define the coefficients for C C V and H = G\ C:

10



Bap(C) =271 >~ we(n), (A7)
nENf(C)
n connects C
on={a}2{p}
where E(C) consists of edges with both endpoints in C. When a = p, the singleton C = {a} with
zero current is included. Grouping the currents by C and applying the described factorization gives the

magnetization identity:

Z(h)?
0o =2 Y BuplC) P ). (A.3)
(pyg) CCV ¢
a,peC, q¢C

We now introduce the field-dependent pressure
P (h) :==1log Zg(h) — log Z(0).
Using the fact that mq g (h) = Oh, Pa(h), the preceding identity becomes:
Z1(0)2

8Juv 8haPG(h) =2 Z Z Ba,p(c) m 62[PH(h)7PG(h)] 8thH(h). (Ag)
(pa) OCV 9
a,peC, q¢C >0

The identity holds for complex fields h near the origin such that Zg(h) # 0. Its essential feature is that
the magnetization factor belongs to a strictly smaller graph. This is the reduction used in the induction
below.

Induction. We prove the sign rule and coupling monotonicity together. For a tuple I of length 2k,

UGJ(I) = (71)k71u2k7G7J(I).

The two assertions in Theorem A.1 are then Ug(I) > 0 and 0, ,Ug(I) > 0. For an induced subgraph
H, we set Ug(I) = 0 if any marked vertex in I lies outside H.

Equation (A.9) suggests a double induction: the magnetization factor lives on a smaller graph, while
differentiating the exponential produces correlations of lower order. We therefore induct first on the order
k, then for each fixed order on the number of vertices. At each step we prove monotonicity first, then
obtain the sign rule by increasing the couplings from zero.

The starting point is the independent-spin model. When couplings J = 0, we have Pg(h) =
> wcv logcosh by, so every cumulant involving more than one vertex vanishes. If all 2k marks coin-
cide, then

2k d2k

4 d
Ugo(I) = (—1)*"1 ——logcosh h = %

e [— log cos 2] > 0. (A.10)

h=0 z=0

The last inequality follows because (—logcosz)’ = tanz has strictly positive coefficients at every odd
degree. Thus Ug o(I) > 0 at every order. In particular, the theorem holds on a one-vertex graph, where
there are no edge couplings to differentiate.

Fix k > 1 and a graph G with N > 2 vertices. Assume that both assertions hold at every even order
below 2k on all finite graphs, and at order 2k on all graphs with fewer than N vertices. We will prove
both assertions at order 2k on G. Fix I = (a,xa,...,x9;) and an edge {u,v}. Applying the remaining
2k — 1 field derivatives to (A.9) gives

Z1(0)?
Zc(0)?

01,,Uc(I) = (-1)" "1 x2> ) Bap(C)
(pyg) CCV
a,peC, q¢C

X O O [ez[PerPG(h)]3hqu(h)”h

'z T2k

In each summand, derivatives falling on the magnetization factor produce an Ursell function on

H = G\ C; those falling on the exponential produce products of differences between Ursell functions on
H and G. We record this expansion explicitly to make the induction transparent.
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Let IIS7°™ be the set of partitions of the labels {1,...,2k} into nonempty even-sized blocks, and let
D, denote the block containing label 1. Associate these labels with (g, za,...,zax), and for any block D
we write Uy (D) for the signed Ursell function on H at the vertices indexed by D. Thus the first mark
a on the left is replaced by ¢ in the distinguished block D, on the right. With this notation we may
expand:

Zp(0)?
a,]uUUG(I) =2 Z Z Ba,p(c) ZG(O)2 Z UH(D*) H Z[UG(D) - UH(‘D)] : (All)
(p.a) CCV mEIZ™ Den
a,peC, q¢C D#D.

To see the formula, group the derivatives falling on 05, Py together with its existing ¢ derivative into
D,. The chain rule partitions the remaining derivatives into blocks acting on 2(Py — Pg). Evaluating
h = 0, the exponential equals 1, and spin-flip symmetry eliminates all odd-sized blocks. To account for
the signs: if |D| = 2kp, the distinguished factor contributes a sign (—1)*2= ~!, while each difference factor
contributes (—1)*2. Their product is (—1)*~!, exactly the sign defining Ug ().

Every term in this recursion is nonnegative. Indeed, H has fewer than N vertices, so the inner
induction gives Uy (D) > 0, even when D, has size 2k. Every other block D has size at most 2k — 2,
since D, contains at least two labels. For these blocks, the sign rule along with the coupling monotonicity
on edges between H and C yields:

Uc(D)—Ug(D) > 0.

Since also By ,(C) > 0 and Zy(0)?/Z5(0)? > 0, the recursion proves d;,, Ug(I) > 0.
This establishes order-2k monotonicity on G for every nonnegative coupling vector J. Increasing the
couplings from zero to J now gives
Ug,s(I) > Ugo(I) >0,
which proves the sign rule and completes the induction on the number of vertices. When k = 1,
the only partition consists of the distinguished block, so there are no difference factors and the vertex
induction suffices. This starts the induction on k and completes the proof. O

A.1 A counterexample to the restricted-sign claim of Camia, Jiang and Newman

Camia, Jiang and Newman proposed a distinct proof of Ursell-function monotonicity using a combinatorial

approach to the random-current expansion of spin correlations | ]. We were unable to verify the
proof of the coefficientwise sign assertion in [ , Proposition 1, equation (37)]. In particular, we
found a counterexample to the intermediate restricted-sign claim in | , Proposition 2, equation (43)].

We state that claim as a combinatorial assertion about multigraphs and then give the counterexample,
restricting to fourth order to simplify the exposition.

The Setup. Let M = (V,€) be a finite multigraph with distinguished vertices: u,v € V, and let
A = {j1,J2,7J3,ja} C V consist of four distinct vertices, with v ¢ A. The boundary M is the set of
vertices of odd degree. We assume OM = AA{u,v}, where A denotes symmetric difference. A partition
of M into three labelled sub-multigraphs ni, ne,ns is an assignment P : £ — {1,2,3}. Each subgraph
n; has vertex set V and edge set P~1(i). Let C be a set of pairs (e, f) of distinct edge copies. We call
P restricted if P(e) # P(f) for every (e, f) € C. Among restricted partitions satisfying u ¢ v in n; U ng
(meaning there is no path from u to v using edges of n; and ny combined), we define two counts:

1. P(M;C) counts those partitions with
ony = AA{u, v}, Ong = Onz = @.

2. For Q C A with |Q| =2, Ngo(M;C) counts those partitions with
8711 = QA{U,U}, anZ =, 8713 =A \ Q

The claim at fourth order. Equation (43) of | | asserts that, for every such M and every
restriction set C such that no edge appearing in a pair of C is a self-loop or joins u to v,
R(M;C) := P(M;C) — > Ng(M;C) <0. (A.12)
QCA
lQl=2
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The counterexample. Take the multigraph M = (V| &) drawn in Figure 1 with seven distinct vertices:
V= {U, v, a, ba j27.j37j4}7 &= {Ujg, uj3a ua, Uba av, b’U, Uj4}

Take the marked set of vertices A = {w, ja, j3,ja} such that v ¢ A and OM = {v, j2,j3,ja} = AN{u,v}.
We impose the restrictions (without loops or edges joining u to v):

C = {(uga,ud), (ujs,ua)}.

Jo

73

Figure 1: The graph M in the fourth-order counterexample.

We note the following for any admissible partition counted in P(M;C) or Ngo(M;C):

1. Each n; has even degree at the unmarked degree-two vertices a,b. Thus the two edges of each path
u — a — v and v — b — v must belong to the same subgraph. Since u and v must be disconnected
in n1 Ung, both paths must lie in ns.

2. In all admissible scenarios Ongy = (). Since only leaf edges with a single endpoint remain, this forces
ns to be empty.

3. The restriction set C forces ujs and wujs to belong to different subgraphs from wa and ub, so they
cannot belong to n3. This forces them to belong to ny.

4. Since v already has degree two in ng, the edge vj, must belong to ny.

These considerations produce a single admissible partition counted in P(M;C), and no admissible
partitions counted in any Ng(M;C). We conclude that:

a

72

73
b

—_— N ne =< —_— 13

Figure 2: The only admissible partition of M.

R(M;C) = P(M;C) = Y  No(M;C) =1>0.
Q
This contradicts the restricted-sign claim. Without the restrictions, P(M) = 1 and precisely three

negative contributions remain, one for each of Q@ = {uw,ja}, {Jjo, ja}, {43, ja}, giving R(M) = —2. Thus
this example does not contradict the unrestricted coeflicient inequality.
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